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Abstract
We construct the action for N M2-branes on S1/Z2. The resulting
theory has a gauge anomaly but this can be cancelled if the two fixed
point planes each support 8 chiral Fermions in the fundamental of
U(N). Taking the low energy limit leads to the worldsheet theory of N
free heterotic strings whose quantization induces an E8 spacetime gauge
symmetry on each fixed point plane. Thus this paper presents a non-
abelian worldvolume analogue of the classic Horˇava-Witten analysis.
∗E-mail address: neil.lambert@kcl.ac.uk
1 Introduction
M-theory is still a somewhat mysterious theory with no satisfactory microscopic
description. Formally it can be thought of as the strong coupling limit of type IIA
string theory. As such fundamental strings lift to wrapped M2-branes. Putting this
the other way M-theory on S1 gives type IIA string theory and wrapped M2-branes
become fundamental strings. A variation of this is the striking result that M-theory
on an interval, viewed as an obifold S1/Z2, gives the E8 ×E8 heterotic string [1, 2].
From the M-theory point of view the appearance of a dynamical E8 ×E8 spacetime
gauge bundle is somewhat magical. Its existence is inferred from the need to cancel
ten-dimensional spacetime gauge anomalies, along with the fact that there are two
fixed points planes so that the gauge group must factorize into two equal components.
This selects the E8 × E8 heterotic string over the Spin(32)/Z2 one.
The the aim of this letter is to construct the non-abelian action for multiple
heterotic strings from an S1/Z2 orbifold of N M2-branes, along with additional
twisted sector states. Reducing to two dimensions this leads to a theory of N free
heterotic strings. In a sense this is a non-abelian worldvolume analogue of the Horˇava-
Witten analysis [1, 2] which was largely based on spacetime anomalies, although [1]
also gave an argument for the existence of a chiral c = 16 twisted sector in the abelian
M2-brane theory using worldvolume gravitational anomalies. Furthermore in [3, 4]
the existence of twisted sector fermions was identified using anomalies in a Matrix
construction of the heterotic string. In our analysis we must again appeal to the
logic that consistency of M-theory on an orbifold implies the existence of new states
that are localized at the fixed points, without a true microscopic understanding.
Nevertheless we hope that this analysis helps to shed more light on the origin of E8
structure from an M-theory perspective. In particular it has the arguably less exotic
aim that we need only look for additional chiral Fermion modes at each fixed point,
with no apparent non-abelian structure. The E8 spacetime symmetry on the fixed
point planes then arises from quantization of the worldsheet fermions in a well-known
way [5, 6].
The extra fermionic degrees of freedom that we require should only arise in the
case of an orbifold S1/Z2: simply putting an M2-brane on an interval, for example
if the M2-branes are suspended between two M5-branes, is not expected to lead
spacetime E8 gauge symmetry. Otherwise it would show also up in the dynamics of
the (2, 0) theory and hence on D4-branes. Thus our analysis is complimentary to the
boundary conditions considered in [7, 8]. On the other hand these fermionic degrees
of freedom will arise in the case of the (1, 0) E-string theories that have recently been
studied in [9, 10]. M2-brane anomalies have also recently featured in [11]. And we
hope our analysis will be useful for these theories.
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The rest of this letter is organised as follows. In section 2 we will review the world-
volume theory of N M2-branes and construct an orbifold of it under a worldvolume
parity transformation, resulting in a two-dimensional Kaluza-Klein (KK) theory with
a single U(N) gauge group. In section 3 we will argue that the this two-dimensional
theory has a gauge anomaly which can be cancelled if each of the two fixed-point
planes supports 8 chiral modes in the fundamental U(N). In section 4 we will take
the low energy limit of the anomaly-free theory and show that it reduces to N copies
of worldvolume theory the heterotic string with SO(16)×SO(16) symmetry, leading
to spacetime E8 × E8 gauge symmetry in ten dimensions. In section 5 we state our
conclusions.
2 Orbifolding M2’s
Let us recall the action for N M2-branes [12] in an C4/Zk transverse space obtained
as a U(N)× U(N) Chern-Simons Matter theory:
S = −tr
∫
d3x
{
DmZ
ADmZA +
8π2
3k2
ΥCDB Υ
B
CD
+
k
4π
(
ALm∂nA
L
p −
2i
3
ALmA
L
nA
L
p
)
− k
4π
(
ARm∂nA
R
p −
2i
3
ARmA
R
nA
R
p
)
+ iψ¯AγmDmψA +
2iπ
k
ψ¯A[ψA, Z
B;ZB]− 4iπ
k
ψ¯A[ψB, Z
B;ZA]
− iπ
k
εABCDψ
A[ZC , ZD;ψB] +
iπ
k
εABCDψA[ZC , ZD;ψB]
}
, (1)
where we have used the construction of [13] with
ΥCDB = [Z
C , ZD;ZB]− 1
2
δCB [Z
E, ZD;ZE] +
1
2
δDB [Z
E, ZC ;ZE] , (2)
[ZA, ZB;ZC ] = Z
AZCZ
B − ZBZCZA . (3)
and, e.g.
DmZ
A = ∂mZ
A − iALmZA + iZAARm . (4)
In these expressions the matter fields are N × N complex matrices and the gauge
fields are hermitian N × N matrices. Furthermore hermitian conjugation acts by
raising/lowering the R-symmetry index A = 1, 2, 3, 4. We use a convention where
m = 0, 1, 2 and γm are 2×2 real matrices. The same action also describes the original,
maximally supersymmetric, model of [14, 15] for two M2-branes if the gauge group
is taken to be SU(2)× SU(2). For a review of these theories see [16].
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The action is invariant under the N = 6 supersymmetry transformations:
δǫZ
A = iǫ¯ABψB
δǫA
L
m =
2π
k
ǫ¯ABγmψAZB − 2π
k
ǫ¯ABγmZ
BψA
δǫA
R
m =
2π
k
ǫ¯ABγmZBψA − 2π
k
ǫ¯ABγmψ
AZB
δǫψB = γ
mDmZ
AǫAB +
2π
k
ΥCDB ǫCD , (5)
where ǫAB = 1
2
εABCDǫCD.
We need to find a suitable notion of parity on the fields under x2 → −x2. Since
the Chern-Simons terms are parity odd, naively this can be corrected by sending
k → −k. However this is not a symmetry of the theory since the coupling constant
is changed. More correctly one thinks of swapping the two U(N) gauge groups. In
[12] parity was defined as x2 → −x2 and
ZA(x2)→ (ZA(−x2))†
ψA(x
2)→ γ2(ψA(−x2))†
AL/Rµ (x
2)→ AL/Rµ (−x2) µ = 0, 1
A
L/R
2 (x
2)→ −AR/L2 (−x2) . (6)
However if we think of ZA = XA+ iXA+4, with XI hermitian, then this also involves
a reflection in the x7, x8, x9, x10 directions, corresponding to an O(6)-plane rather
than the O(10)-plane that we wish to consider. Therefore in this paper we will
consider the following action of parity:
ZA(x2)→ (ZA(−x2))t
ψA(x
2)→ γ2(ψA(−x2))t
AL/Rµ (x
2)→ −(AL/Rµ (−x2))t µ = 0, 1
A
L/R
2 (x
2)→ (AR/L2 (−x2))t . (7)
A straightforward calculation then shows that this is indeed a symmetry of the action.
If we impose the orbifold, corresponding to states that invariant under x2 ↔ −x2,
then we must restrict to fields that satisfy
ZA(−x2) = (ZA(x2))t
ψA(−x2) = γ2(ψA(x2))t
AL/Rµ (−x2) = −(AR/Lµ (x2))t
A
L/R
2 (−x2) = (AR/L2 (x2))t . (8)
4
This breaks half of the supersymmetry as
δǫZ
A(−x2) = iǫ¯ABψB(−x2)
= iǫ¯ABγ2(ψB(x
2))t
= −i(γ2ǫ)ABψB(x2) . (9)
Thus δǫZ
A(−x2) = (δǫZA(x2))t if and only if
γ2ǫ
AB = −ǫAB . (10)
One can then verify that all the other supersymmetries generated by ǫAB− respect the
orbifold conditions.
The orbifold also breaks the U(N)×U(N) gauge group which acts, for example,
on ZA as ZA → gLZAg†R. One finds that the surviving gauge symmetries satisfy
gR(x
2) = g∗L(−x2) . (11)
Thus there is just a single U(N) gauge group, which, from the point of view of the
three-dimensional theory, acts non-locally:
ZA(x2)→ g(x2)ZA(x2)gt(−x2) . (12)
Although it acts locally at the fixed points.
We can solve the orbifold conditions by considering the KK mode expansions (it
is sufficient to restrict to integers n ≥ 0)
ZA =
∑
n
ZˆAn cos
(
nx2
R
)
+
′∑
n
Z˜An sin
(
nx2
R
)
ψA+ =
∑
n
ψˆAn+ cos
(
nx2
R
)
+
′∑
n
ψ˜An+ sin
(
nx2
R
)
ψA− =
∑
n
ψ˜An− cos
(
nx2
R
)
+
′∑
n
ψˆAn− sin
(
nx2
R
)
ALµ =
∑
n
Aµn cos
(
nx2
R
)
+
′∑
n
Bµn sin
(
nx2
R
)
AL2 =
∑
n
A2n cos
(
nx2
R
)
+
′∑
n
B2n sin
(
nx2
R
)
ARµ = −
∑
n
Atµn cos
(
nx2
R
)
+
′∑
n
Btµn sin
(
nx2
R
)
AR2 =
∑
n
Atµn cos
(
nx2
R
)
−
′∑
n
Btµn sin
(
nx2
R
)
. (13)
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Here ψA± =
1
2
(1±γ2)ψA and a prime on the sum indicates that the n = 0 contribution
has been omitted.1 In addition a field with a hat is symmetric in its Lie-algebra
indices whereas a field whereas a field with a tilde is anti-symmetric.
Although rather cumbersome one could substitute these expansions in to the
supersymmetry transformations to obtain transformation rule on the various KK
modes. We could also substitute this ansatz into the action leading to an expression
of the form
Sorb ∼ −
∑
n
tr
∫
d2x
{
DµZˆ
A
nD
µZˆAn +
n2
R2
ZˆAn ZˆAn +DµZ˜
A
nD
µZ˜An +
n2
R2
Z˜An Z˜An
+ i
¯ˆ
ψAn+γ
µDµψˆAn+ + i
¯ˆ
ψAn−γ
µDµψˆAn− +
in
R
¯ˆ
ψAn−ψˆAn+ −
in
R
¯ˆ
ψAn+ψˆAn−
+ i
¯˜
ψAn+γ
µDµψ˜An+ + i
¯˜
ψAn−γ
µDµψ˜An− − in
R
¯˜
ψAn+ψ˜An− +
in
R
¯˜
ψAn−ψ˜An+ + . . .
}
,
(14)
involving the infinite towers of KK modes. Again it is not particularly instructive
to obtain a more explicit expression for this action. However it is worth observing
that for n 6= 0, (ψˆAn+, ψˆAn−) and (ψ˜An+, ψ˜An−) pair up into non-chiral fermions with
masses n/R. However ψˆA0+ and ψ˜A−0 remain massless chiral fermions.
As in any KK reduction of a gauge theory there is an infinite tower of gauge
symmetries. However we will mainly be interested in the two-dimensional U(N)
gauge transformation that are constant along x2, whose gauge field is Aµ0. One then
sees that the fields simply transform under this U(N) as, for example,
ZA → gZAgt . (15)
This is a reducible representation which can be decomposed into the symmetric and
anti-symmetric representations. Thus with regards to the zero-mode gauge group
fields with a hat transform in the symmetric of U(N) whereas fields with a tilde
transform in the anti-symmetric of U(N).
Although we have put the three-dimensional theory on an orbifold, which can
alternatively be thought of as a compactification on a line segment, there are no
spurious boundary terms to consider that might break supersymmetry as the fields
which arise from three-dimensions are all smooth at the fixed points. Thus the
resulting action Sorb will have (0, 6) supersymmetry generated by ǫ
AB
− .
1 We have assumed periodic boundary conditions for the fermions, with n ∈ Z. We could also
consider supersymmetry breaking boundary conditions for the fermions by replacing n→ r ∈ Z+ 1
2
in the mode expansions for ψA±. However we are primarily interested in the massless modes here.
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3 An Anomaly and Its Cancellation
The two-dimensional action we have constructed has a U(N) gauge symmetry and
a massless gauge field Aµ0. In addition it has massless chiral fermions ψˆA0+ in the
symmetric representation of U(N) and ψ˜A0− in the anti-symmetric representation of
U(N). Therefore there is a gauge anomaly. In particular by standard arguments
there will be an anomalous variation of fermionic measure in the path integral of the
form:
δωlnW = trψˆA0+
(
1
2π
∫
ωF0
)
− trψ˜A0−
(
1
2π
∫
ωF0
)
. (16)
To continue, since u(N) is not simple, we need to split u(N) = u(1)⊕su(N) and treat
the u(1) factor separately from su(N). Let us introduce generators tr, r = 1, .., N
2−1,
for su(N) and t0 for u(1).
For su(N), since ψA0+ and are in the symmetric and ψA0− are in the anti-
symmetric we find:
δω∈su(N)lnW = 4 (I(sym)− I(anti− sym))
∑
r 6=0
(
1
2π
∫
ωrF rµρ0
)
, (17)
where the factor of 4 comes from the sum over the R-symmetry label A and the index
I(R) is defined by the relation
trR(trts) = I(R)δrs . (18)
For su(N) one finds
I(sym) = (N + 2)I(fund)
I(anti− sym) = (N − 2)I(fund) , (19)
where I(fund) is the index in the fundamental representation of su(N). Hence
δω∈su(N)lnW = 16I(fund)
∑
r 6=0
(
1
2π
∫
ωrF rµρ0
)
. (20)
For the u(1) part we first note that the normalisation of t0 required to embed
U(1) into U(N) is
tfund0 =
1
N
1N×N , (21)
reflecting the fact that the minimal U(1) charge is 1/N . Thus I(fund) = 1/N . Next
we notice that states in ψˆA0+ and ψ˜A0− have twice the U(1)-charge of the fundamental
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representation, i.e. 2/N . However since there are 4× 1
2
N(N +1) states in ψˆA0+ and
4× 1
2
N(N − 1) states in ψ˜A0− the anomaly is 4×N × 4/N2 = 16I(fund). Thus the
total anomaly is
δωlnW = 16I(fund)
∑
r
(
1
2π
∫
ωrF rµρ0
)
. (22)
Since M-theory is a consistent quantum theory the orbifold must provide addi-
tional states at the fixed-point locus which cancel this anomaly. Clearly the minimal
answer is that there must be 16 negative chirality fermions, corresponding to 8 at
each fixed point, that are in the fundamental of U(N). Thus in addition to Sorb we
must include
Sf.p. = −
∫
x2=0
d2x iλ¯a−γ
µDµλa− −
∫
x2=πR
d2x iλ¯a
′
−γ
µDµλa′− , (23)
where a, a′ = 1, ..., 8 and again raising/lowering an a or a′ index is hermitian con-
jugation. Here the first term is localized at x2 = 0 and the second at x2 = πR
and
Dµλa− = ∂µλa− − iALµ(x2 = 0)λa−
Dµλa′− = ∂µλa′− − iALµ(x2 = πR)λa′− . (24)
Note that the full ALµ gauge field appears here, and not just the zero-mode Aµ0, so
that the action is local. The inclusion of λa− and λa′− will also cancel the gravitational
anomaly as observed in [1].
Finally, for the preserved supersymmetry generated by ǫAB− we have
δǫA
L
0 = δǫA
L
1 , (25)
and therefore Sf.p., which only involves the combination ∇0 −∇1, will be invariant
if we simply take
δǫλa− = δǫλa′− = 0 . (26)
Thus we propose that the full action for N M2-branes on S1/Z2 consists of the
ABJM theory with fields restricted as in (8) but also with 8 fermions λa− in the
fundamental of U(N) localised at the fixed point x2 = 0 and 8 fermions λa′− in the
fundamental of U(N) localised at the fixed point x2 = πR. The total action is then
given by
S = Sorb + Sf.p. , (27)
8
and is invariant under (0, 6) supersymmetries generated by ǫAB− , has a SU(4)×U(1)
R-symmetry and SO(16) × SO(16) global symmetry. The former descends from
the M2-brane lagrangian whereas the latter arises from the flavour symmetry of 8
complex chiral fermions at each of the fixed points.
Lastly we can also consider what would happen if we took the parity operation
defined in (6). In this case the massless modes of the three-dimensional theory on
the orbifold consist of hermitian ZA0 , ψA0+ and anti-hermitian ψA0−, i.e. iψA0− is
hermitian. Furthermore the orbifold identifies ALµ0 = A
R
µ0 and gR(x
2) = gL(−x2) so
that the zero-mode gauge group is U(N) with all fields in the adjoint representa-
tion. Therefore there is no anomaly. The preserved supersymmetries are again ǫAB− .
Hence we cannot introduce any localized modes at the fixed points that are in a
non-trivial representation of U(N) without either introducing anomalies or breaking
supersymmetry. Therefore we conclude that there are no additional localized modes.
4 The IR Theory and E8 × E8 Heterotic Strings
In the previous sections we constructed the orbifold theory of N M2-branes on S1/Z2
which involved some massless fields along with their KK towers and some additional
chiral fermions that are localized to the fixed points. Let us now consider the low
energy effective theory valid below the KK scale. Therefore we simply set all the
non-zero KK modes to zero. In the case of an S1 compactifcation this was done in
[17] (see also [18, 19]). The result in our case is (we will return to the fermions later):
S = −tr
∫
d2xDµYˆ
ADµYˆA +
2
3k2R2
ΥABC (Yˆ )Υ
C
AB(Yˆ )
+ kRεµν(A20Fµν + A
t
20F
t
µν) + 2πR(A20Yˆ
A − Yˆ AAt20)(At20YˆA − YˆAA20)
+ fermions , (28)
where
DµYˆ
A = ∂µYˆ
A − iAµ0Y A − iYˆ AAtµ0 . (29)
and
Yˆ A =
√
2πRZˆA0 , (30)
have been rescaled to have canonical dimensions. Note that the potential term (at
least for small values of k) has the same order as the KK masses:
V =
2
3k2R2
ΥABC (Yˆ )Υ
C
AB(Yˆ ) . (31)
9
Thus at low energy, below the KK scale, we must also restrict to the vacuum moduli
space ΥABC = 0, which, at generic points, consists of commuting scalars.
2
Thus the low energy effective theory below the KK scale is just the effective
theory on the moduli space of vacua. Let us parameterise the moduli space as
Yˆ Avac = diag(y
A
1 , ..., y
A
N) (32)
This is already consistent with the orbifold action which requires a constant ZA to
be symmetric. Note that had we taken the alternative parity defined in (6) then
we would also require the eigenvalues yAi to be real. Thus the motion would be
restricted to a four-dimensional hyperplane in the transverse space, corresponding
the fact that the oribfold fixed point is six-dimensional, not ten-dimensional as is the
case considered here.
However we also have to mod-out by gauge transformations. For constant gauge
transformations gR = g
∗
L and Yˆ
A
vac is in the symmetric representation. As with D-
branes one finds constant discrete gauge transformations that act to permute the
eigenvalues. There are also continuous gauge transformations that preserve the vac-
uum. These are of the form g = diag(eiθ1 , ..., eiθN ). To examine their effect we
evaluate the action we expand
ALµ0 = diag(aµ1, ..., aµN )
AL20 = diag(a21, ..., a2N)
ARµ0 = −diag(aµ1, ..., aµN)
AR20 = diag(a21, ..., a2N) . (33)
We can also include the fermions by expanding them as
ψˆA0+ =
√
2πR diag(χA1+, ..., χAN+)
λa− =


λa1−
...
λaN−

 , λa′− =


λa′1−
...
λa′N−

 . (34)
The action then becomes
Svac = −
N∑
i=1
∫
d2xDµy
A
i D
µyAi + 2kRε
µνa2iFµνi
+ iχ¯Ai+γ
µDµχAi+ + iλ¯
a
i−γ
µDµλai− + iλ¯
a′
i−γ
µDµλa′i− , (35)
2Alternatively one could consider a large k limit that would introduce a scale 1/kR << 1/R
that is parametrically lower than the KK scale.
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where Fµνi = ∂µaνi − ∂νaµi and the covariant derivative acts as
Dµy
A
i = ∂µy
A
i − 2iaµiyAi
DµχAi+ = ∂µχAi+ − 2iaµiχAi+
Dµλai− = ∂µλai− − iaµiλai−
Dµλa′i− = ∂µλa′i− − iaµiλa′i− . (36)
The a2i fields can be integrated out and impose the constraint Fµνi = 0. Thus we can
write aµi = ∂µσi. By performing a gauge transformation we can simply set σi = 0.
Note that σi is periodic with period 2π but unlike the case of uncompactified M2-
branes this does not lead to a Zk identification of the coordinates. Hence the final
form for the action is
Svac =
N∑
i=1
Si , (37)
where
Si = −
∫
d2x∂µy
A
i ∂
µyAi + iχ¯
A
i+γ
µ∂µχAi+ + iλ¯
a
i−γ
µ∂µλai− + iλ¯
a′
i−γ
µ∂µλa′i− , (38)
is the action for a single heterotic string consisting of 4 complex scalars yA, 4 complex
right-moving fermions χA+ and 16 complex left-moving fermions λ
a
−, λ
a′
− . Note that
due to the gauge symmetry which permutes the i index the resulting effective theory
is a symmetric product of N free heterotic strings in R10.
Lastly it remains to see that this is the E8 ×E8 heterotic string. The distinction
between the E8×E8 and Spin(32)/Z2 heterotic strings arises from the choice of GSO
projection [5, 6]. Here the worldsheet theory arises as the IR limit of an M2-brane
theory with SO(16)×SO(16) flavour symmetry and therefore one need only impose
and SO(16)× SO(16) invariant GSO projection. Indeed the λa− and λa′− fermions
are not localised at the same orbifold fixed points so an SO(32) invariant GSO would
have a non-local action. Quantization of the left-moving fermions then leads to a
spacetime E8 × E8 gauge symmetry. Indeed one E8 factor appears on each orbifold
fixed point.
5 Conclusions
In this letter we have constructed an orbifold of the worldvolume theory of N M2-
branes on S1/Z2. We showed that there was a gauge anomaly but this could be
cancelled by assuming that there are 8 chiral fermions in the fundamental of U(N)
which are localized to each of the fixed-point planes. Taking the low energy limit of
11
the resulting action leads to N free E8 × E8 heterotic strings. The paper therefore
provides a non-abelian worldvolume analogue of the classic Horˇava-Witten construc-
tion of heterotic strings [1, 2].
We hope that our analysis provides some insight to the M-theory origin of the
E8 × E8 spacetime gauge structure. In addition it would be interesting to see if the
non-abelian theory here produces a larger spacetime symmetry gauge algebra for the
case of multiple heterotic M2-branes. It would also be interesting to relate the model
we have constructed to the (2 + 1)-dimensional matrix model description of [3, 4].
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